In this paper we generalize the notion of C * -valued contraction mappings, recently introduced by Ma et al., by weakening the contractive condition introduced by them. Using the new notion of C * -valued contractive type mappings, we establish a fixed point theorem for such mappings. Our result generalizes the result by Ma et al. and those contained therein except for the uniqueness.
Introduction and preliminaries
Let (X, d) be a metric space. A mapping T : X → X is said to be a contraction if ∃α ∈ (, ) such that
d(Tx, Ty) ≤ αd(x, y).
()
One of the most important tools used for the existence of solutions of many nonlinear problems arising in physics and engineering sciences is the Banach fixed point theorem which asserts that every contraction on a complete metric space has a unique fixed point. This theorem is also known as the Banach contraction principle (BCP), and it first appeared in its explicit form in Banach's PhD Thesis [] . The strength of BCP lies in the fact that the underlying space is a quite general, complete metric space, while the conclusion is very strong, including even error estimates. Note that a mapping T : X → X satisfying () is uniformly continuous on X. Therefore, the Banach contraction condition forces the mapping T to be continuous. Given a mapping T : X → X and x ∈ X, the sequence of points O T (x) = {x, Tx, T  x, . . . } is called the orbit of x with respect to T. Hicks and Rhoades [] showed that if a mapping T : X → X satisfies the following contractive condition d Ty, T  y ≤ hd(y, Ty)
for some h ∈ (, ) and every y ∈ O T (x), then T has a fixed point. Note that the contractive condition () is weaker than condition (). Moreover, condition () does not force the mapping T to be continuous [] . In contrast to the Banach contraction principle, Subsequently, A will denote a unital C * -algebra with the identity element  A . Further, A + is the set {a ∈ A : a  A } of positive elements of A and (a * a) / = |a|. Using the concept of positive elements in A, a C * -algebra-valued metric space is defined in the following way.
Definition . []
Let X be a nonempty set. A C * -algebra-valued metric on X is a mapping
A sequence {x n } in (X, A, d) is said to converge to x ∈ X with respect to A if for any >  there exists N ∈ N such that d(x n , x) < for all n > N . We write it as lim n→∞ x n = x. A sequence {x n } is called a Cauchy sequence with respect to A if for any >  there exists 
X is said to be a C * -algebra-valued contraction mapping on X if there exists a ∈ A with a <  such that
algebra-valued complete metric space and T : X → X satisfy (), then T has a unique fixed point in X.
From now on, we call a C * -algebra-valued metric and a C * -algebra-valued metric space simply a C * -valued metric and a C * -valued metric space, respectively.
Main results
We begin this section by introducing the notion of continuity in the context of C * -valued metric spaces.
to be continuous at x  with respect to A if given any >  there exists δ >  such that
T is said to be continuous on X with respect to A if it is continuous for every x ∈ X.
A is a C * -algebra with pointwise operations of addition, multiplication, and scaler multiplication. The norm on A is defined by
where ordering on A is given by
, is continuous with respect to A since
Remark . Note that every continuous self-map is continuous with respect A = R and a C * -valued contraction map is continuous with respect to the C * -algebra A.
Definition . A function f : X → A is said to be T-orbitally lower semicontinuous at ξ with respect to A if there exist a mapping T : X → X and a sequence {x n } in O T (x  ), for some x  ∈ X, such that lim n→∞ x n = ξ with respect to A implies 
and any sequence {x n } in X converges to . Further,
Thus f is T-orbitally lower semicontinuous at x = . 
and partial ordering on A is given as
Define a mapping T : X → X by
Thus T is a C * -valued contractive type mapping. Note that T is not continuous with respect to the C * -algebra A and hence not a C * -valued contraction mapping.
Before giving our main result, we prove the following lemma which is essentially extracted from the proof of Theorem ..
Lemma . Let A be a C
* -algebra with the identity element  A and x be a positive element of A. If a ∈ A is such that a < , then for m < n we have
Proof Since x is a positive element of A, we have
Since a <  and m < n, therefore m − → ∞ implies that n − → ∞. The proof of () follows from the fact that We are now ready to state and prove our main result.
Theorem . Let (X, A, d) be a complete C * -valued metric space and T : X → X be a C * -valued contractive type mapping. Then
fixed point of T if and only if G(x) = d(x, Tx) is T-orbitally lower
semicontinuous at x  with respect to A.
Proof If A = { A }, then there is nothing to prove. Assume that A = { A }.
(A): Let x ∈ X and consider the orbit O T (x). Since condition () holds for each element of O T (x) and a < , it follows that
Continuing in this way, one can show that
Let {T n x} be a sequence in O T (x). Then, for m < n, from the triangle inequality and ()
we have
using () of Lemma .. This shows that {T n x} is a Cauchy sequence in O T (x) ⊂ X with respect to A. Since (X, A, d) is a complete C * -valued metric space, there exists x  ∈ X such that T n x − → x  . This completes the proof of (A).
(A): It follows again from the triangle inequality and () that 
where a = (
is T-orbitally lower semicontinuous at (, ). Therefore, all conditions of Theorem . are satisfied and (, ) is the fixed point of T. Note that Theorem . is not applicable here since T is not continuous at (, ) with respect to A.
Application
In this section we provide the existence result for an integral equation as an application of C * -valued contractive type mappings on complete C * -valued metric spaces. Let E be a Lebesgue measurable set, X = L ∞ (E), and H = L  (E). We denote the set of all bounded Example . Let E, X, H, and the metric d be as above. Suppose that () K : E × E × R → R, and let T be a self-mapping on X, () there exists a continuous function φ : E × E → R and α ∈ (, ) such that for every x ∈ X, y ∈ O T (x), and t, s ∈ E, we have
K t, s, x(s) -K t, s, y(s) ≤ α φ(t, s) x(s) -y(s) . (   )
() sup t∈E E |φ(t, s)| ds ≤ .
Then the integral equation 
